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I. INTRODUCTION 
Special theory of relativity is based on the postulate that the equations of 
motion should be invariant under the group of Lorentz transformations of 
the space-time. That postulate has been assumed in order to conform 
mechanics with electrodynamics known to be Lorentz invariant. 
The geometry of the Lorentz group is that of the Minkowski space-time of 
points (x, , x2, xj, xq = ct) with the metric given by the indefinite quadratic 
form 
c* dt* - (dx; + dx; + dx;) = c’ ds’. (1.1) 
Here, c is the speed of light assumed to be a universal constant: the 
variable t, called the observer’s time (or “laboratory time”). is interpreted as 
the time measured by an observer in an inertial frame of reference; the triple 
(x, , x2, x,) = x’ gives the position of the particle in that frame: and the 
variable r, called proper time, is interpreted as the time shown by the clock 
moving with the particle. 
The equation of motion of a single particle is 
(1.2) 
where ti is the proper mass (also called the “rest mass”) of the particle. 
usually assumed to be constant; the 3-vector F’ is the space-component of the 
4-vector (E F4), called Minkowski force, and subject to the condition 
F,[l - (v/c)‘]‘;2 =+ (6 F) 
with i7 denoting the velocity of the particle, and . denoting the 3-dimensional 
inner product. 
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Equation of motion (1.2) is either assumed as an axiom generalizing the 
Newton law of classical mechanics, or derived from a variational principle 
with suitably chosen Lagrangian. In that variational principle the action- 
integral is considered as a functional over the functions t(r), 2(r), and their 
derivatives dt/dz, dY/dr with respect to the proper time r. And, one assumes 
that the action-integral is Lorentz-invariant to assure that invariance of the 
derived equations of motion, see, e.g., [ 1, p. 165 ff] or [2, pp. 24 ff, 44 ff]. 
For a system of interacting particles, generalization of these ideas faces 
essential difficulties. Namely, each particle has its own proper time and the 
motion of a particle depends on proper times of other particles, so that each 
equation must contain all those proper times. 
This difficulty, in elementary treatment, is often dodged by considering 
only collisions of particles when all have the same proper time. Besides that, 
one assumes that the conservation laws of energy and of momentum hold 
before and after collision, see, e.g., [2, p. 361. Those assumptions, however, 
are in fact an ad hoc axiom, and not first integrals of equations of motion, 
since no equations are at hand. 
In a more advanced approach, one accepts the so-called Fokker-type 
equations of motion for a system of particles. Those equations, however, are 
integro-differential equations with deviating arguments, for which it is not 
possible to formulate a well-defined initial-value problem, much less to find 
their first integrals, [3, p. 203 ff.]. 
In spite of many attempts there is no generally accepted model for 
relativistic dynamics of a system of interacting particles, see, e.g., [4-6 I. 
In this paper, special theory of relativity is reformulated in terms of the 
observer’s time rather than of the proper time. This will make it possible not 
only to regain (even in a more general form) all known results of relativistic 
dynamics for a single particle interacting with an electro-magnetic field, but 
also to formulate the equations of motion for a system of particles 
interacting with each other and with their electromagnetic fields. This allows 
to prove conservation laws as first integrals of those equations. Moreover, 
the initial-value problem for those equations is well defined, although rather 
difficult to solve in view of the nonlinearity of the equations. 
The main idea is as follows: By denoting 
c dT = dx, (1.4) 
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we write Eq. (1.1) in the form 
c2 dt= = dx; + dx; + dx’2 + dx; (1.5) 
and notice that the space of points (x,, x, , x2, xj) has a Euclidean metric. In 
that space, we formulate a variational principle for the motion by 
considering the action-integral as a functional over the functions x,,(t), x,(t), 
x,(r), x3(f) and their derivatives i,(t), i,(t), i2(t), i3(t) with respect to the 
observer’s time t, rather than with respect to the proper time. The extremals 
of that functional, however, are subjected to a specific constraint expressing 
the physical idea that the speed of light should not be varied. Then. in the so 
derived equations of motion we return to the Minkowski metric ( 1.1) and 
bring back the Lorentz invariance of the equations. 
The same idea can also be applied to a system of interacting particles 
since the action-integral is in terms of the observer’s time t which is the same 
for all particles of the system. 
The specific form of the equations of motion. obtained in this manner 
depends, of course, on the choice of the Lagrangian. In this paper, we shall 
use Lagrangians satisfying certain general conditions reflecting some 
physical and geometrical principles. The method. however. works for any 
other Lagrangian, see 191. 
The content of this paper is as follows: In Section II, the geometry and 
kinematics of the time-space is defined. In Section III, the equations of 
motion for a single charged particle in an electromagnetic field are derived 
from a variational principle with a suitably chosen Lagrangian. Moreover. 
from the same variational principle also one group of Maxwell equations for 
the electromagnetic field is obtained. The results contain as a particular case 
all equations known in conventional relativistic theory for a single particle. 
In Section IV, differential equations of motion for a system of interacting 
particles are derived from an appropriate variational principle. Furthermore. 
conservation laws of momentum and energy are derived as first integral of 
the equations of motion. Also the role of the center of mass in relativistic 
dynamics is discussed. 
In Section V, the motion of two charged and interacting particles is 
considered in more detail. Under additional, and natural, assumptions 
conservation laws of energy momentum and angular momentum are obtained 
as first integrals. Moreover, Coulomb’s law is derived, and not assumed ad 
hoc, as in conventional theories. 
Finally, in Section VI, the canonical formalism and Hamilton equations of 
motion are obtained. In conventional special theory of relativity. this has not 
been possible. see. e.g.. 13, p. 204 1. 
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The literature on special relativity is enormous. In this paper, references 
are made to only a few articles or books, in order to substantiate the 
statements made, without any claim to completeness. 
II. KINEMATICS 
A four-dimensional space of points x = (x0, x, , x2, x3) with the Euclidean 
metric given by the positive definite quadratic form 
(dx(2=dx;+dx:+dx:+dx: (2.1) 
will be called the time-space. This space should be distinguished from the 
space-time of points (x1, x2, xj, x4) with the Minkowski metric given by the 
indefinite quadratic form (l.l), and used in conventional special theory of 
relativity. 
A motion of a point is defined as a curve x(t) = (x0(t), x,(t), x2(t), x3(t)) in 
the time-space, parametrized by a real parameter t, called observer’s time. 
The function x,(t) will be called the time-component, and the triple Z(f) = 
(x,(t), x,(t), x3(t)) will be interpreted as the position of the point in motion. 
The 3-vector 
is called the velocity of the point, and its magnitude is 
Iv’12 = (5!5)’ + (i?)‘+ (55)‘= u2. 
(2.2) 
(2.3) 
The Euclidean norm lirl of the 4-vector jr(t) = (dx,/dt, i?) will be denoted 
c(t) and called the speed of light (or the speed of signal). By (2.1) and (2.3) 
there is 
+ v2 = c2. 
To conform to the traditional terminology and notation, the function r(t) 
defined by the relation 
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will be called the proper times of the moving point. Formula (2.5) will be 
basic for kinematics. 
In what follows, we shall use the following notation: The coordinates of 
the point x in the time-space will be denoted x, or .P with Greek indices u 
running over 0, 1, 2, 3. The triple (x,, x1, x3) = (x’. xl. x’) will be denoted .C. 
By denoting dx”/dt = i” = i, and summation convention over Greek 
indices twice repeated, we write (2.4) and (2.3) thus 
(c(t))’ = i%<, = /.q*, I$‘(r)l* = 1 $i*. 
Notice that the speed of light c(t) is not assumed to be constant. but it can 
be a function of the observer’s time t. If we change the parametrization of the 
motion t + t*(t) by preserving the direction of the observer’s time. i.e.. 
assuming that dt*/dt > 0, the speed of light becomes 
c(t(t*)) = c*(t*) (2.7) 
but 
c(t) dt = c*(t*) dt”. (2.8 ) 
This follows directly from (2.1), (2.3), and (2.4) as invariance of the 
differential with respect to the change of parametrization, i.e., if x(t(t*)) = 
x*(t*), then dx* = dx. That invariance holds, of course, also if c(t), is 
assumed constant. For example, if c(t) = 3 x IO”’ cm/set and t” = 60t, then 
c*(t*) = 1.8 X lo’* cm/min. 
All these definitions can be immediately extended to kinematics of a 
system of N particles represented in the time-space by N points xJ, J = 
I, II,..., N. Thus, a motion of the system is defined by N curves x,(t) = 
(x:(t), x:(t), xi(t), x:(t)) parametrized by the same variable t which is the 
observer’s time common to all particles of the system. The velocities U’,(t) are 
defined, in analogy with (2.2), as the 3-vectors. 
v’ = 
J (J = I, II,..., N) 
with their magnitudes 
(2.9) 
(2.10) 
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The speed of signal is accordingly defined for each point by generalizing 
formula (2.4) to 
(cJw>z = ($y + (~JW (J = z, zz )..., N). 
Hence, the basic formulae of kinematics are 
(2.12) 
The function rJ(t) defined by (2.12) will be called the proper time of the 
Jth point in motion. 
Notice that the speeds of light CJt) are not assumed the same for each 
point, much less equal to the same constant. We shall carry on further 
argument in that generality. In specific applications, however, in order to 
compare the results with conventional theories, we shall, at an appropriate 
stage, assume that all c,(t) are equal to the same constant. 
Finally, let us observe that changing the observer’s time t -+ t*(t) with 
dt*/dt > 0 gives formulae (2.7) and (2.8) extended to each point of the 
system. 
III. DYNAMICS OF A SINGLE PARTICLE 
The motion x(t) of a single particle will be considered as the extremal 
curve of a given functional 
Pplx] = it’ dt L(r, x, i) 
subject to the constraint 
The curve x(t) is in the four-dimensional time-space, defined in Section II. 
The Lagrangian L(t, c, X) in (3.1) is a given function of (a priori) 9 variables 
t, x = (x0,x1, x2,x3) and ri = (A!~,A!‘,~~,~~). In the constraint (3.2), there is 
1 x I2 = (i”)’ + (3)’ + (2’)’ + (i3)2, and c(t) denotes a fixed function not 
subject to variations. This means that &(t) = 0, and it does not imply that c 
is a constant, but only that the variations 8x,(t) of the motion x”(t) are 
subject to the condition 
(3.3) 
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Thus, the speed of light can be assumed as any given fixed function c(t) of 
the observer’s time t, and, in particular, it can be constant. 
The specific form of the equations of motion obtained from the variational 
principle (3.1) and (3.2) depends on the choice of the Lagrangian L(t, x, X) 
as function of the variables t, x, x considered as independent. In what 
follows, we shall impose on the Lagrangian L certain requirements which 
seem natural and lead to equations of motion incorporating both dynamical 
and electro-magnetic aspects. At the end of this section, we shall briefly 
discuss another possible form of the Lagrangian and its implications. 
Thus, we shall assume the following hypotheses. First, we require that the 
Lagrangian L considered as function of the vector x (in the tangent space at 
the point x of the time-space) depend only on the Euclidean invariants of 
that vector. Since the Euclidean norm 1x1 is the only such invariant. we 
assume that L depends on that norm. 
Second, we require that the action-integral (3.1) be invariant under any 
change of parametrization t-+ f*(t) with dt*/df > 0. This implies that, by 
denoting x(t) = x*(t*) there must be for every function t*(t), that 
Taking t* = t + const shows that aLlat = 0. And, taking dtldt” = 0 and 
1x1 = 1, gives that 
L(x, e> = OL(x, 1). 
Hence. we assume the following Lagrangian: 
(3.4) 
where U(x) is a scalar-valued function of the point x in the time-space, and e 
is a constant (to be interpreted later on as the electrical charge of the 
particle). For other kinds of argument, establishing the form (3.4) of the 
Lagrangian, see (7, p. 2591. 
Now, to obtain the equations of motion, we denote by fm(t) the Lagrange 
multiplier corresponding to the constant (3.2) and construct the following 
Lagrangian 
A(& x,X) = e Iii1 U(x) + $m(Pi, - c’). (3.5 1 
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Then, the Euler-Lagrange equations for the extremal P(t), of the action- 
integral (3.1) under constraint (3.2), are 
(a = 0, 1,2, 3). (3.6) 
Besides, we regain the constraint (3.2) which, by (2.5), will be written in 
the form 
f0 = g = c[ 1 - (@)‘] 112 = c 2. (3.7) 
To see the physical meaning of Eqs. (3.6) substitute there 1 x / = c, by (3.2), 
to get for a = 0 and for a = 1, 2, 3, respectively, 
ecgradU--$[ (rU+m)C]=O, 
where grad = (a/ax’, a/ax’, a/ax”). Denote 
and M[ 1 - (v/c)2] ‘I2 = IQ. (3.9) 
Then, Eqs. (3.8) become 
ec -j$ - f$ (tic) = 0, 
ecgrad IJ-+(Mi?)=O. 
(3.10) 
The quantity A4, defined in (3.9) will be called the total (or elec- 
trodynamical) mass, and m will be called inertial mass of the particle. The 
quantity k2 will be called the total rest mass of the particle. If au/ax’ = 0, 
then kc = const, and if c = const, then AC? is constant. 
To obtain the physical interpretation of the function eU(x), we rewrite 
Eqs. (3.6) in the following manner: 
au 
[- 
au 
e axa li-,-#D I 
- $ (mi,) = 0. (3.11) 
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This suggests that, by considering x and k as independent variables in the 
Lagrangian (3.4), we define the antisymmetric tensor 
au . dU . 
T - Inill = axm xo-;iXRx,=-Tliln, (a,,!3=0. 1. 2, 3). (3.12) 
The six essential components of that tensor are denoted by the matrix 
T,,,,= (;; ;; 2 ‘;;j . (3.131 
Then, the 3-vector I? = (E, , E,, E,) represents the electric vector, and the 
3-vector H’= (H,, H,, H,) represents the magnetic vector of the elec 
tromagnetic field derived from the potential U(x) by formulae (3.12), i.e., 
I?=c~l-(o/~)*]“~gradU-~1: l?=: Igrad U x Fj (3.14) 
with x denoting the 3-dimensional “cross product”,’ and grad = (?/il.u’. 
8/Bx2, a/ax”). Thus, in the assumed model, with the .Lagrangian (3.1) the 
function U is the scalar potential, while Uv’ is the vector potential of the elec- 
tromagnetic field of the particle. 
Now, Eqs. (3.14) give that 
(3.15) 
with s denoting the 3-dimensional “dot product.” 
Moreover, we shall show that Eqs. (3.14) give the following Maxwell 
equations: 
+~+curlZ=O, div H’ = O? (3.16) 
where 7 is the proper time, and curl, div are writh respect to the variables 
(x’, x2, X3). 
To see that we use the identity 
[grad U x I?] = curI - U curl c?, 
and notice that in (3.14), by definition (3.12), we consider x = (x0. x’, x’, x’) 
and x = (A!;-“, u$) as independent variables, thus curl C? 0. and the second 
equation in (3.14) can be written as 
c7 = curI( (3.17) 
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Now, on both sides of the first equation (3.14) take the operation curl, on 
both sides of (3.17) take the operation ax0 = (l/c) a/&, by remembering that 
v’ is considered as independent variable, and add to obtain the first Maxwell 
equation (3.16). The second one follows directly from (3.17) by taking div. 
The dynamical interpretation of the vectors E’ and G can be seen if, by 
using (3.14), we write the equations of motion (3.1 I), for (II = 0, and 
a = 1, 2, 3, respectively, in the following form 
(3.18) 
The first equation (a = 0) gives the change of the inertia1 rest-mass ti 
defined by the formula 
m(l -(u/c)‘]“‘=ti. (3.19) 
In the second equation (3.18), (a = 1,2, 3), on the right-hand side, the first 
term represents the force exerted by the electric field E’ on the charge e 
moving with velocity 5, the second term is the Lorentz force of the magnetic 
field g acting on the moving charge; the third term represents the force of 
the convective current ev’; and the last term is the inertia1 force of the 
(inertial) mass m moving with the velocity v’. 
Instead of the Lagrangian (3.4) we can assume other forms, but the 
method works the same way. To only show the idea, let us expand the 
Lagrangian L(t, x, x) in power series with respect to the variable i = 
(i”, il. i2, a’) and retain the first power only, i.e., 
L = V(t, x) + eA,(t, x) P (summation over a = 0, 1,2, 3), (3.20) 
where V is a scalar-valued function, A, is a 4-vector function and e is a 
constant. 
Then, instead of (3.5), we construct the Lagrangian 
T(t, x, i) = V(t, x) + eA,(t, x) .P + fm(t)(i”i, - c’). (3.21) 
And, the corresponding equation of motion can be written in the form 
aA, 8A, 
g+e --- 
[ axa ax= 1 (3.22) 
with the same constraint (3.2). 
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We introduce the anti-symmetric tensor 
Its six essential components (E, , E,, E,) = l? and (H, , H,, H,) = H’ in 3- 
dimensional vector notation are 
.@=gradA,-$, ii = curl A’. A= (A,,A>,A,). (3.24) 
Hence, we interpret A, as the scalar potential, and A as the vector 
potential of the electromagnetic field .!?, fi. As usual, we can always assume 
one Lorentz condition that divz= 0, and obtain form (3.24) the Maxwell 
equations in the same form as (3.16). Similarly, we obtain the dynamical 
equations in the same form as (3.18). 
The difference between those two mathematical models is in that the 
Lagrangian (3.4) is defined by a single scalar potential U(x). while the 
Lagrangian (3.20) requires one potential V(r, x) and one four-potential 
A,(& x). In the first case, the electromagnetic field, given by (3.14) is 
intimately connected with the motion of the particle, viz. by dependence on 
its velocity, while in the later case that dependence is not evident. Therefore, 
in what follows we shall prefer Lagrangian of the form (3.4). For other 
possible Lagrangians, see [ 9 1. 
All results obtained in this section agree with the known results obtained 
in conventional special relativity using proper time and Minkowski metric, 
see, e.g., 12, 1.~1. Our equations, however. are more general than the 
classical ones. 
Thus, for a single particle the special relativity in observer’s time is as 
much in agreement with experiments as is the conventional special theory of 
relativity. 
IV. DYNAMICS OF A SYSTEM OF PARTICLES 
The motion of a system of N interacting particles is defined by N curves 
xJ(t) in the time-space, parametrized by the same real variable t (interpreted 
as the observer’s time), which are extremals of a given functional 
Y[x,, xII ,..., x,,,] = 
i 
dt L(t, x,, x1 ,,..., x,~, X,, i ,,,.,., i,) (4.1) 
10 
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under the N constraints 
l,Jl - w>Y = 0 (.I = I, II ,..., N), (4.2) 
where c,(t) are given fixed functions, i.e., not subject to variations. In 
particular, all cJ(t) can be equal to the same constant. 
The Lagrangian L in the action integral (4.1) is a given function of a 
priori I + 8N variables, t, xJa, iy (a = 0, 1,2, 3). Here, we shall specify the 
Lagrangian by three conditions, although much of the argument goes 
through for any Lagrangian. 
First, we require that L considered as a function of the N vectors 
. . 
XI, XII,*-, xN ’ be scalar-valued. This implies that L can depend only on the 
Euclidean invariants of all those vectors, i.e., of all their (Euclidean) inner 
products xJaxKa, for J, K = Z, ZZ ,..., N, with summation over a = 0, 1, 2, 3. 
Second, we require that the action-integral (4.1) be invariant under all 
transformations for the time c + f*(f) with dt*/dt > 0. This implies, together 
with the first condition, that the Lagrangian L must be a positive 
homogeneous function of first degree depending only on the Euclidean norms 
]X[], lx,,] ,..., ) xn ], and that L does not depend on t explicitly, see [ 7 1.~1. 
Third, we require that the action-integral (4.1) should be invariant under 
all translations x -+ x + a of the time-space. Or, in other words, the 
Lagrangian L should not depend on the choice of the origin of the coordinate 
system in the time-space, i.e., that 
for any a = (a’, a’, u2, a”). This implies that L, as function of the x’s, can 
only depend on their iN(N - 1) differences 
XJ - XK = rJK = -rxJ (J, K = Z, ZZ ,..., N). (4.4 > 
Thus, we shall assume that following Lagrangian 
(4.5) 
where e, are constants (to be interpreted later on as electrical charges of the 
particles), U, are functions of the collection {r) of all differences rJK in (4.4), 
and the factor 1 is for convenience. 
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To obtain the equations of motion, denote by im,(f) the Lagrange 
multipliers corresponding to the Jth constraint (4.2), and construct the 
following Lagrangian: 
(4.6) 
Then, the Euler-Lagrange equations of the extremals xJ”(t), for u = 
0, 1. 2, 3 and J = I, II...., N, are 
1 \‘. =- 
2 hF, 
Besides, we regain the constraints (4.2) which, by using (2.12). will be 
written as follows: 
-?(: = z = c,(t)1 1 - (cJ/cJ)z I”2 dTJ 
=Chdt. 
(4.X) 
To see the physical meaning of those equations we substitute there 
1 xJ 1 = cJ, and by denoting 
s”J+mJ=MJ. MJ[1-(u~/c,)21”‘=.~,, (J=l,Il,..., N) (4.9) 
J 
we obtain from (4.7), for a = 0 and u = 1. 2, 3. respectively, 
1 ;‘. Xf, d o 
z K?I 
e,c,---zMJ=O. 
‘xJ 
I i” eKcK grad, U, - 2 (M,, I?,) = 0, 
T  h-, 
(4.10) 
where grad, = (a/8x:, 13/8xj, a/ax:), and V’J = (dxjldt‘ ds:/dt, axj/dt). 
Thus, we interpret m, as the inertial mass of the Jth particle, and MJ as its 
total (electrodynamical) mass, while &lJ is interpreted as the (total) rest mass 
of the particle. The equations of motion (4.10) hold also, of course, if all 
c,(t) are assumed equal to the same constant c, considered as the universal 
speed of light common to every particle. Those equations, however. allow us 
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to consider a more general case, when each particle has its own a priori 
assigned speed of light, cJ(t), not necessarily constant. 
Now, we can obtain conservation laws for the system as first integrals of 
Eqs. (4.7) or (4.10). Namely, the assumed condition (4.3) yields, by Noether 
theorem (see, e.g., [8]), f our first integrals corresponding to the four 
parameters a = (a’, a’, a*, a”) of the group of translations @: xJ -+ xJ + a, viz 
“, CL4 av “, --= 2 MJiJ8 = P, = const (/3=0, 1,2,3). 
.I=1 
By using (4.9) we obtain for p = 0, and /I = 1,2, 3, respectively, 
2 M,c,( 1 - (u,/c,)‘]“’ = PO, 
,b 
\‘ M,v’,=F, (4.11) 
J=I JeJ 
where PO is a constant scalar, and P’a constant 3vector. In terms of the rest 
masses fiJ the conservation laws are 
(4.12) 
The second of those equations expresses the conservation of the total 
momentum of the system. The first one gives a generalized law of con- 
servation of mass, which can be seen if one additionally assumes that all cJ 
are equal to the same constant, as it is done in conventional theory. 
As to the conservation of energy of the system we first define the energy CY 
by the usual formula 
(summation over a = 0, 1,2, 3). (4.13) 
Then, by using the identity 
and equations of motion (4.7) with lx,] = c, we obtain that 
Fe + E m,cj = const. 
J=f 
(4.14) 
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In contrast with classical mechanics, the very idea of the center of masses 
of the system looses its significance. In fact, should we define the “center of 
masses” 5 = (to, r’, {*, 13) by the usual formula 
then, in general a/d? is not constant, because now the masses MJ are not 
constant. It does not seem possible to give a useful generalization of the 
center of masses. The reason for that is that the classical conservation law 
for the center of masses is, by Nother theorem IS\, a consequence of the fact 
that the classical Lagrangian is divergence-invariant with respect to the 
transformation x’- x’+ tc depending on the three parameters g= (b, , bz, b3). 
In the present situation, the Lagrangian ,4 given by (4.6) is not divergence- 
invariant under the transformation x + x + tb with four parameters b = 
(b,,, b,. bz. b,). 
To have the physical interpretation of the functions e, UJ( { r )) defining the 
Lagrangian L in (4.5) let us fix the index J of the particle, and considering 
all x’s and X’s as independent variables, define the following quantities: 
(K, J = I, II ,..., N). 
(a,fi=O, 1. 2, 3). 
The 4-tensor Yiaa, is antisymmetric with respect to the indices 1~1, PI, and 
has six essential components shown in the following 4 X 4 matrix 
The 3-vector EJ = (E’< , E:, E{) represents the electric field of the potential 
U,, and the 3-vector HJ = (H:, H{, H:) represents the magnetic field. This 
can be seen from (4.16) and (4.15) written in the form 
WJ _ 
EJ = cJ[ 1 - (u,/c,)‘]“’ grad,, U,, -T c . 
ox, .’ (4.17) 
fiJ = (grad, U, x ~7~ ] = curl,(UJGJ), 
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where grad, and curl, denote the corresponding differential operators with 
respect to (x:, xj, xj), and in the second equation we consider x and x as 
independent variables. 
Equations (4.17) give that 
CJiiJ = [ 1 - (v&)“] “z Es x CJJ, c7” . V’J = 0. (4.18) 
Moreover, analogously as for a single particle (see Section 111.4) we 
obtain from (4.17) the following Maxwell equations: 
5 
-$F+curl,J?=O, 
J J 
div, tiJ = 0, (4.19) 
where a/~%, = c, ~Y/ax’j denotes differentiation with respect to the proper time 
of the Jth particle. 
The expressions S$ defined by (4.15) represent the electrodynamical 
interaction between the Jth and the Kth particles. To see that we write the 
equations of motion (4.7) by using (4.17) and (4.15), for a = 0, and 
a = 1, 2,3, respectively, as follows: 
+ K;J SJ,K,iD (a= 1,2,3) ( summation over /3= 0, 1,2,3). (4.20) 
The first equation (a = 0) gives the change of the inertial rest mass rii, of 
the Jth particle, defined as 
tiJ = m,[ 1 - (uJ/cJ)‘] “2. (4.21) 
In the second equation (4.20), on the right-hand side, the first term is the 
electric force exerted, by the Jth electric field on the Jth charge e, moving 
with the velocity CJ; the second term is the corresponding Lorentz force; the 
third term represents the inductive force of the convective current,eJGJ; and 
the last term summarily represents the actions of all other particles on the 
Jth particle. 
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The entire argument of this section can be carried out if we assume the 
Lagrangian L, instead of (4.5) in a form generalizing (3.20). 
V. TWO-BODY PROBLEM 
To illustrate the methods and results presented in Section IV, we shall 
consider the motion of two interacting particles under the following 
simplifying assumptions. 
First, we assume that the speeds of signal (light) of both particles are 
equal to the same constant 
c, = cII = c = const. (5.1) 
Second, we assume that the Lagrangian L, given by (4.5). viz. 
L = te, Ik I U,(r) + h,, I h I UJr) (r = xl, - x,) (5.2) 
does not depend explicitly on the proper times x:. x7, of the particles. i.e.. 
that 
(5.3) 
Third, we assume that the electric field l? of the Zth particle is induced by 
the 11th particle, and so is 6’ induced by the Zth particle. More specifically. 
we assume that there are two electric charges q,, q,, concentrated at the 
) 
points Z,, g,,, , respectively, so that 
div, I? = -4nq,,d(?), div,, I?’ = -4nq, 6( 7), (5.4 
where div, denotes the 3-dimensional divergence with respect to the coor 
dinates TJ = (x:, x:, xj), J = I, II, and 
7=-z,,-2,. 
In Eqs. (5.4) we substitute by using (4.17), (5. l), (5.3) 
EJ = c[ 1 - (tl,/c)‘]“’ grad, U, (J = I, /I) 
to obtain 
v:u,= -47% W), v:, u,, = -474 
c[ 1 - (v,/c)’ ] I’? cl 1 - (U,,/C)2p' 
d(7). (5.7) 
409/95,2 20 
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where Vj = div, grad, is the 3-dimensional Laplacian with respect to the 
variables .?, = (x:, x;, xj), J = Z, ZZ. 
Since, by hypothesis (5.2) the potentials U,, U,, depend on .?,, - .?, only, 
but not on the velocities v’,,, C’,,, we conclude that in (5.7) the factors in front 
of the b-function, must be constant. Now, we make the final assumption that 
q,,[l - (u,/c>‘l-‘I’ = e,, a[ 1 - (u,,lc>* 1 I” = e,, 3 (5.8) 
where e,, e,, are the constant charges in the Lagrangian assumed by (5.2). 
This is the precise meaning of the assumption that the electric field at each 
particle is induced by the electrical charge of the other particle. 
Under these assumptions we obtain from (5.7), (5.8) that 
u,=:;, u,,=$ r= [(xj,-x;)‘+ (x;,-x;)’ + (x;,-x;)2]‘? 
(5.9) 
Hence, the Lagrangian L in (5.2) becomes 
(5.10) 
with the constraints 
$=XJ, -. c* =o (J = Z, ZZ), summation over a = 0, 1, 2, 3. (5.11) 
If, as before, we denote by fm,(t) the Lagrange multipliers corresponding 
to the constraints (5.1 l), the general equations of motion (4.7), give now, for 
a = 0, in view of (5.3), the following conservation laws 
+ + m,) ( 1 - (v,/c)~] I’* = ti,c = const (J= I, II), (5.12) 
where ni, is the rest mass of the Jth particle, see (4.9). The total (elec- 
trodynamical) mass of the Jth particle is now 
M,= $$+m,=tiJ[l -(uJ/c)*]y2. 
For a = 1, 2, 3, the equations of motion (4.7) give 
-$(M,C,)=%+ $(M,,C,,)=--i? 
(5.13) 
(5.14) 
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These equations express the Coulomb law in electrostatics, usually 
assumed as an empirical fact, but not derived from the equations of motion. 
We can express that in terms of the inertial masses m,. m,,. by using (5.13). 
as follows: 
m, 17,) = vll - e,, d e, F, Tr-pz, r - r‘ i--i 
ml, 6,) = - 
e,e,, - e, d e,, It,, lr-.- ___. 
r‘ t 1 2c- dt r 
(5.15) 
On the right-hand sides, the last expressions represent the action of the 
convective current e,,c, of one particle onto the other. 
The general conservation laws (4.1) read now 
hj,l 1 - (u,/c)? 1 ‘u 6, + iI,, 1 - (u,,/c)‘] ’ ’ C,, = P= const (5.16) 
which also can be obtained directly by adding both sides of (5.14). This is 
the conservation law of momentum for the two interacting particles. 
Besides the first integrals (5.12) and (5.16) we have now also conservation 
of angular momentum because the Lagrangian (5.10) is invariant under the 
rotation group of the 3-space, preserving the distance r. Those conservation 
laws read 
M,[~,X~,,l+M,,[~,,x.?,,]=G=const (5.17) 
which also follows directly from (5.14) and (5.2). 
The first integrals (5.16) and (5.17) are related by the identity 
F. I,F,xY,,I=G.r7 (5.18) 
Thus, the six equations of motion (5.14), each of second order with 
respect to the six unknowns gJ(r) = (xi(t), xi(t), x;‘(r)), J = I, II, have seven 
independent first integrals given by (5.12), (5.16). and (5.18). 
The general solution of equations of motion (5.14) i.e.. for given initial data. 
seems rather involved due to nonlinearity of those equations. 
One particular case looks simpler, namely, when the constant vectors P’ 
and G’, in (5.16) and (5.17). are orthogonal, i.e., if 
F.c?=o. (5.18) 
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Then, the motion is in one fixed plane. This follows from the identity 
F. ~=M,M,,[V’, x v’,,] * 7. (5.19) 
One can show, that in that fixed plane the motion is Keplerian, i.e., the 
relative trajectories are conic section, [9]. 
VI. CANONICAL FORMALISM 
The Hamilton form of the equations of motion for a system of interacting 
particles can be obtained in the manner well known in Calculus of 
Variations. Thus, for a Lagrangian A given as a function of the N points 
x,, XII,*-, xN and their derivatives jr,, xl,,..., x,, we define the momenta 
a‘4 
PJ,=e (.I = z, zz )...) N; a = 0, 1) 2, 3). (6.1) 
Hence, expressing all X,‘s as functions of xj’s and pJ’s, we define the 
Hamilton function 
H = -A(@), {i(p)}> + f’ i;({P/)PJ,. (6.2) 
J=I 
Then, the canonical equations of motion are 
dx,” 8z-z dPJa =-y-=-- 
dt 8pJa dt 
ix:, (J = I, zz ,..., N) (a = 0, 1, 2, 3) (6.3) 
J 
with the constraints, ]xJ] = cJ, giving for a = 0 
dx” 
J = Cj[ 1 - (v,/c,)‘] 1’2. 
dt 
More specifically, for the Lagrangian given by (4.5), viz. 
A=+ 2 [eJliJlUJ({r})+mJ(lj,l*-c:)] 
J=I 
formula (6.1) reads 
(6.4) 
(6.5) 
(6.6) 
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And, the Hamiltonian (6.2) becomes 
(6.7) 
where 
IPJI = I(P,CJ2 + (R/I)’ + (PJ2 + (Pa :. 
Thus, the canonical equations (6.3) become 
(6.8) 
(‘5.8) 
The constraint /iJ/ = cJ in view of (6.6), gives 
jpJ/ - je,U, = m,c,. (6.9) 
This introduced to Eqs. (6.8), yields the final form of Hamilton equations 
(6.10) 
Let us apply these results to the two-body problem. discussed in 
Section V. Now, we have 
Since, by hypothesis, aU,/axj = 0, for K, J= 1. II. in (6.10) the second 
equation, with (6.6), gives that for a = 0 there is 
pJo= 5$-++m,c) [1-(~J/c)2]1’2=lljJc=const (6.12) 
which repeats (5.12). For a = 1, 2, 3, the second equation (6.6), by denoting 
CJ = (P,, y pJzl PA gives 
46 wIl - dp’,, --ZZ 
dt r -T--‘.=- dt 
(6.13) 
which restates Coulomb’s law (5.14). 
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Finally, the first equation (6.10) for a = 0 gives, in view of (6.12), that 
dx’j 
- = c[ 1 - (vJ/c)2] “2 
dt 
which restates the constraint (6.4). And, for a = 1, 2, 3, the first equation 
(6.10) gives trivially 
d?J - 
dt -‘J’ 
Thus, for the two-body problem there does not seem to be much advantage 
in using canonical variables. They might be, perhaps, of some use in passage 
to quantum mechanics. 
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